We show through calculations, simulations and experiments that the eddies often observed near sessile filter feeders are frequently due to the presence of nearby boundaries. We model the common filter feeder Vorticella, which is approximately 50 mm across and which feeds by removing bacteria from ocean or pond water that it draws towards itself. We use both an analytical stokeslet model and a Brinkman flow approximation that exploits the narrow-gap geometry to predict the size of the eddy caused by two parallel no-slip boundaries that represent the slides between which experimental observations are often made. We also use three-dimensional finite-element simulations to fully solve for the flow around a model Vorticella and analyse the influence of multiple nearby boundaries. Additionally, we track particles around live feeding Vorticella in order to determine the experimental flow field. Our models are in good agreement both with each other and with experiments. We also provide approximate equations to predict the experimental eddy sizes owing to boundaries both for the case of a filter feeder between two slides and for the case of a filter feeder attached to a perpendicular surface between two slides.
INTRODUCTION
Microscopic sessile filter feeders are an important part of aquatic ecosystems and form a vital link in the transfer of carbon in marine food webs (Fenchel 1982; Sherr & Sherr 1988; Christensen-Dalsgaard & Fenchel 2003; King 2005) . The filter feeders consume bacteria and small detritus, and are in turn eaten by larger organisms. Sessile filter feeders live in bodies of water where they are anchored to the stream or ocean bed, aquatic plants or even aquatic animals (Laybourn 1976; Kankaala & Eloranta 1987) . They survive by creating a feeding current that draws fluid towards them, and from which they filter their food of interest. These organisms also play an important role in biological waste water treatment (Reid 1969; Chen et al. 2004 ). An understanding of the flow generated by filter feeders may enable not only a better understanding of marine ecology and carbon cycling, but also improvement of water treatment plant design.
Sessile filter feeders typically have a cell body with a radius ranging from a few to a few hundred microns, and are typically attached either directly or with a stalk to an immobile surface (e.g. an aquatic plant). Some common sessile filter feeders are Vorticella (Sleigh & Barlow 1976) , Stentor (Rapport et al. 1972 ) and choanoflagellates (King 2005 ). We will focus on Vorticella as a typical sessile filter feeder. Vorticella are a stalked protozoan with a bell-shaped cell body approximately 25 mm across and approximately 50 mm long (Noland & Finley 1931 ). This body is attached to a surface via a thin stalk of length about 100 mm. Vorticella create a feeding current using a ring of beating cilia at the top of their body, and use two rings of cilia to filter debris from the surrounding fluid (Sleigh & Barlow 1976) . The debris can then be ingested into the cell body or rejected into the surrounding fluid (Sleigh & Barlow 1976) . There are several possible mechanisms for such particle capture (Rubenstein & Koehl 1977; Labarbera 1984) .
Experimental observations of several different sessile filter feeders have shown that they generate feeding currents in the form of a toroidal vortex (Sleigh & Aiello 1972; Sleigh & Barlow 1976; Pettitt et al. 2002; Hartmann et al. 2007; Petermeier et al. 2007; Nagai et al. 2009 ). Closed feeding streamlines limit the feeder's access to new material (Blake & Otto 1996) , so it is important to determine what circumstances lead to closed eddies. The eddy structure is typically attributed to the substrate to which the organism is attached. For instance, Blake & Otto (1996) modelled the feeding eddy structure as a point force, or stokeslet, oriented perpendicular to a plane wall, and this model has been used to estimate feeding fluxes in several biological contexts (Pettitt et al. 2002; Orme et al. 2003; Hartmann et al. 2007) .
However, eddies have also been observed near filter feeders even in the absence of a tethering substrate, for instance for a Vorticella attached to a thin strand of duckweed (Sleigh & Barlow 1976) or anchored between two closely spaced parallel slides (Nagai et al. 2009 ). It seems little recognized that the eddies in these situations, and in fact in the majority of observations of microorganisms, are probably a result of confinement between two walls parallel to the field of view, e.g. the two microscope slides that are nearly universally present when experimentally examining microorganisms (Liron & Blake 1981; Blake et al. 1982) . Liron & Blake (1981) have shown through calculations that closed eddies form only in the presence of boundaries and based on their theoretical calculations suggested that the flow near sessile micro-organisms is mostly determined by the container geometry. They model point-force-generated feeding currents in several geometries, including a stokeslet between two infinite parallel plane boundaries with the stokeslet oriented parallel to the boundaries (Liron & Blake 1981) . However, it is difficult to confirm the existence or non-existence of such eddies experimentally, as it is not possible to observe filter feeders under a microscope without introducing at least one nearby boundary.
We build on the calculations of Liron & Blake (1981) , and extend them to more complex models of micro-organisms to make experimentally verifiable predictions. We find that the size of the eddies increases approximately linearly with the distance between the confining slides, and emphasize that, according to our calculations and simulations, the eddies disappear entirely for the case of a filter feeder in free space. We then present what we believe is the first experimental confirmation that eddies near filter feeders are due to the boundaries provided by the surrounding slides by showing that the eddy size increases as predicted as the distance between the two confining slides is increased. The origin of these eddies must be taken into account when explaining microscopic filter feeding, as the flow around filter feeders in nature will be quite different from that when examined under a microscope between two slides. We also anticipate that the surroundings of filter feeders, such as whether they have nearby neighbours, will strongly affect the flow nearby, and thus the filter feeder's access to food, oxygen and other nutrients.
STOKESLET BETWEEN TWO WALLS
It is common to model sessile filter feeders (and microorganisms for which gravity is significant) as a point force in Stokes flow-the stokeslet (Blake & Otto 1996; Hartmann et al. 2007; Drescher et al. 2009 ). Micro-organisms that swim generally do not exert a net force on the surrounding fluid, as the force generated by cilia for swimming is balanced by drag on the organism. However, sessile organisms can apply a net force to the fluid as they are attached (often via a stalk) to a substrate. It is therefore reasonable to approximate such sessile filter feeders using a stokeslet. As the velocity from the stokeslet in free space decays as 1/r, where r is the distance from the stokeslet, and corrections from the details of the body shape and distribution of cilia decay as 1/r 2 or more rapidly, the stokeslet approximation is likely to be valid far away from the organism. However, if eddies are present in the flow, then their structure may be sensitive to details of the flow close to the organism. In particular, we consider the position of the centre of the eddy, which may be quite close to the organism. It is not clear that a stokeslet model will correctly describe this near-body flow. Here, we compute the position of the stagnation point for a stokeslet between parallel walls, a distance h apart, and in later sections compare it with more realistic models of a filter feeder as well as with experimental results. Note that a list of relevant symbols and their meanings can be found in table 1.
To calculate the flow field, we solve the incompressible Stokes equation and the continuity equation
We follow Mucha et al. (2004) to numerically calculate the velocity field due to a stokeslet between and parallel to two no-slip walls. For ease of calculation and without affecting the flow near the stokeslet, periodic boundary conditions are imposed on pairs of control surfaces orthogonal to the bounding walls and far from the stokeslet (see figure 1a for a schematic view). We set the width and length of the periodic boundaries (in the x and y directions) to be much larger than the distance, h, between the no-slip walls, such that the eddy structure is determined by the no-slip walls. The stokeslet is located in the mid-plane at (0, 0, h/2) and points in the 2e y direction. Details of the calculation are found in appendix A. We note that an alternative calculation for a stokeslet between infinite parallel walls can be found in Liron & Mochon (1976) . Previous discussions of the eddies generated by a stokeslet between parallel plates have approximated the flow as generated by a potential dipole (Liron & Blake 1981; Blake et al. 1982) . In this limit, it is not possible to make an approximation for the position of the eddy centres, as for a point dipole all streamlines share a common tangent at the position of the dipole, and both eddy centres are located at the position of the dipole. Instead of making such an approximation, we calculate the full solution to the Stokes equation in the near field. This approach allows us to find the position of the centre of the eddy. The flow is symmetric around the axis of the stokeslet (figure 2a), such that the stagnation point at the centre of the eddy in the z ¼ h/2 plane is located on the x-axis. As all length scales can be non-dimensionalized by h, we find that the distance to the stagnation point, r sp , at the centre of the eddy increases linearly with the distance between the no-slip plane boundaries. In fact, from the numerically computed streamlines near the stokeslet (figure 2), we find r sp /h ¼ 0.44 + 0.01.
BRINKMAN APPROXIMATION
The stokeslet approximation described in §2 does not take the finite size of the feeding organism into account, or the distribution of the cilia that maintain continuous circulation of the fluid. The detailed geometry of the cell body may significantly affect the flow field near to the organism (Sleigh & Aiello 1972) . In this section, we exploit the narrow-gap geometry of the feeding currents to introduce an approximation that can handle the finite-sized cell body.
We treat the feeding organism as a cylinder, of radius a, between two closely spaced walls as shown in figure 1b. For ease of comparison, rather than using the customary polar coordinate angle u, we define the co-latitude q ¼ p2u (figure 1b), and write all equations of motion in terms of r and q. Together, r, q and 2z form a right-handed coordinate system. We model the generation of a feeding current by cilia distributed over the cell body by prescribing a tangential velocity u q . A similar method of prescribing tangential velocity has been used to model swimming microorganisms (Magar et al. 2003; Ishikawa & Pedley 2008) . Surface-generated flows around swimming Volvox have been represented in a functionally similar manner using a prescribed tangential stress boundary condition (Short et al. 2006) . In order to show the effect of the distribution of cilia on the cell body upon the flow streamlines, we consider two different velocity distributions at r ¼ a (figure 3). The first, or symmetric, model has u q ¼ u 0 sin q at r ¼ a, which we assume models a symmetric distribution of cilia on the surface pushing fluid tangentially with typical speed u 0 . The second type of boundary condition is intended to capture the fact that cilia are concentrated near the top of the organism in a 'crown', as is true of many filter feeders, including Vorticella. For this asymmetric model, we have at r ¼ a where we choose c ¼ 1/2 and d ¼ 1/100 to provide a localized surface forcing and where variables are dimensional for the moment. The two cases account for the change in direction of e q so that the final velocity is symmetric across the y-axis. In both models, u r ¼ 0 at r ¼ a so that there is no flow through the cylinder surface.
To calculate the flow, we solve equation (2.1) nondimensionalized by scaling all lengths by a, velocities Nearby boundaries create eddies R. E. Pepper et al. 853 by u 0 and stresses by mu 0 /a. We also specify u ¼ e q u q on r ¼ 1 and no-slip conditions on all other rigid boundaries (z ¼ +(1/2)(h/a)), with the flow vanishing at infinity. Finally, we work under the Brinkman approximation (Brinkman 1947; Tsay & Weinbaum 1991; Fernandez et al. 2002) for the variation of the flow across the gap, which gives:
2 is the permeability, and the velocity is restricted to planes parallel to the boundaries, i.e. u ¼ (u r , u q ) and u z ; 0. In addition to modifying the usual Hele -Shaw flow law to include the viscous effect of flow variations parallel to the cover slips (Fernandez et al. 2002) , the Brinkman approximation allows both normal and tangential velocity boundary conditions to be applied on the surface of the cylinder. We expect that the velocity decays as r ! 1. The r and q components of this equation give, respectively, In appendix B, we derive the general solution to this system of equations. In particular, given the generic boundary condition u q ¼ sin nq on the surface of the cylinder, the velocity and pressure fields take the form
and pðr; qÞ ¼ c 2 knr n cos nq; where K n are the modified Bessel functions of the second kind and, for some pair of constants c 2 and c 3 , that must be determined from the boundary conditions. At r ¼ 1, we have u r ¼ 0 and u q ¼ sin nq for all q and k. Hence, we find
Setting n ¼ 1 in equations (3.5) and (3.6) gives a solution for the symmetric model filter feeders.
To create the 'crown of cilia' boundary condition, we use a Fourier series u q ¼ P 1 1 A n sin(nq) with
dq with c and d as defined earlier. We find that 25 terms in this series are required to limit error in the boundary condition to less than 1 per cent (the 25-term sum is plotted in figure 3 ). Streamlines for both cases are shown in figure 2.
We define the size of the eddy, r sp , as the distance from the centre of the cylinder to the stagnation point at the centre of the eddy (scaled by a). This distance is numerically calculated by finding the point where u q ¼ u r ¼ 0. In the symmetric case, this point falls on the x-axis (q ¼ p/2). In both cases, the eddy size increases with the spacing between the confining walls (see figure 4 where we have now scaled r sp by h rather than a). To determine the dependence of eddy size upon the gap width, we
, where b is a proportionality constant. We plot the cases b ¼ 1/12 in figure 4, which is the value for pressure-driven flow in a Hele-Shaw cell without obstacles and also the case b ¼ 0.16, which gives an exact match between the value for r sp for the stokeslet and the asymptotic value of r sp in the Brinkman geometry at a/h ¼ 0. We can analytically evaluate the contribution of the finite-sized cell body to the size of the eddy when h ) a. For large k, asymptotic analysis (appendix B) gives r sp =h ¼ 1:114
-Mascheroni constant (we now explicitly write the non-dimensionalization for clarity). For comparison, in figure 4 , we also show r sp for a stokeslet between parallel plates as a single point with a/h ¼ 0. We also note that the first term in the asymptotic expansion gives r sp / h, which is the same scaling result as from the stokeslet model in §2.
We have simplified the full three-dimensional flow generated by the filter feeder to a two-dimensional model. This approach is a good first step in finding an analytical solution to the problem, and retains features from the stokeslet solution including an eddy size that increases with the separation between the no-slip boundaries. We expect the Brinkman equations to accurately model the true flow field, provided that the dimensionless permeability k . 5 (Tsay & Weinbaum 1991) , i.e. when the gap thickness, h & 5.6a for b ¼ 0.16. We expect this condition to be fulfilled in most experimental situations. However, the approximate nature of the boundary conditions applied at the feeder surface means that there may yet be quantitative differences between our Brinkman cylindrical model and the true three-dimensional flow field. We check for this in §4 using finite-element simulations to solve the full threedimensional flow problem for a spherical cell body between two no-slip boundaries.
THREE-DIMENSIONAL SIMULATIONS
In order to analyse the effect of the approximations that were introduced in the Brinkman model and to model the influence of additional nearby boundaries upon the eddy size, we solve the full three-dimensional incompressible Stokes equation using finite-element analysis with Comsol MULTIPHYSICS software. We compare our simulations both with flow currents visualized in real filter feeders and with the predictions of the Brinkman model. To simulate the full three-dimensional flow field, we represent the three components of the velocity field by second-order elements, and use linear elements for the pressure field, p. The geometry for the simulation is shown in figure 1c . On the sphere, we specify u u ¼ sin u and u r ¼ 0 where r and u are spherical variables measured from the y-axis as shown in figure 1c . Although we have used u here in a slightly different definition from that in the two-dimensional calculation, we do not anticipate any confusion from the reader. The glass slides are represented by upper and lower no-slip boundaries. The right-hand and left-hand boundaries are open, and slip conditions are applied on the front and back boundaries, making the system periodic in this direction. We adjust the width of the chamber, w, and its length, b, to ensure that the effect of chamber size on the eddy radius is less than 1 per cent.
The eddy centre is found numerically by finding the location in the z ¼ h/2 plane where u ¼ 0 (velocities are interpolated between nodes using cubic patches). Typical results are plotted in figure 4. Realistic boundary conditions produce feeding loci that agree very well r sp / h a/h * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * ** * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * Nearby boundaries create eddies R. E. Pepper et al. 855
with our new analytical results, even when a % h/2, so that the feeder almost touches the top and bottom plates. We note that the three-dimensional simulation results, which have a symmetric boundary condition, quantitatively match best the asymmetric Brinkman flow result, but in trend match best the symmetric Brinkman flow result.
EXPERIMENTAL RESULTS
Experimental observations of closed eddies around the filter feeder Vorticella convallaria confirm predictions from our models. In our experiments, V. convallaria are cultured as in Ryu & Matsudaira (submitted) and transferred to a Petri dish for observation under the microscope (Leica DMIRM, 10Â magnification). To trace the flow, the fluid near the V. convallaria of interest is seeded with 1 mm diameter polystyrene beads, and the motion of these beads is filmed at 100 frames per second. Similar flow-field measurements have been made but the effect of changing boundaries was not examined (Sleigh & Aiello 1972; Sleigh & Barlow 1976; Nagai et al. 2009 ).
We probe the effect of two different boundary configurations upon the eddies generated by the filter feeder. First, we observe V. convallaria anchored to the edge of a coverglass (Corning Labware and Equipment no. 1) between two slides, as illustrated schematically in figure 1d . The distance between slides, h, is varied from 140 + 20 to 566 + 28 mm. In a second set-up, we observe V. convallaria between two slides, a distance h ¼ 127 + 28 mm apart, with the Vorticella midway between the two slides and without the presence of an anchoring coverslip. In this configuration, the Vorticella stalk is anchored to the bottom slide, but bent so that the Vorticella body has the same orientation relative to the slides as in figure 1d . This situation is most analogous to our calculations and simulations because the only boundaries present are the top and bottom no-slip slide surfaces.
We use particle tracking velocimetry (PTV) software custom-written in Matlab to extract flow-field data from videos of feeding V. convallaria. Particles are tracked using POLYPARTICLETRACKER in Matlab using the method of Rogers et al. (2007) . Velocities are then calculated from the displacement of particles between sequential frames. These velocities are then binned in the x and y directions, the velocities in each bin averaged and this average velocity assigned to the centre of the bin. While there are some areas where we cannot compute the velocity owing to lack of particles tracked (often near the centre of the eddy), we find that this method creates reliable flow fields for most of our data. We re-scale these data by dividing lengths by the radius of V. convallaria (determined as the maximum width of the V. convallaria body in the first video frame) and rotate tracks so that the long axis of the V. convallaria body is aligned with the y-axis for ease of comparison with calculations and simulations. We also centre the tracks so that the centre of the V. convallaria is at (0, 0) in the x-y plane.
The centres of the eddies are found based on an algorithm similar to that described in §4, where the velocity data are interpolated when necessary. An example of the full data analysis process is shown in figure 5 . In the experimental situation most analogous to our calculations and simulations, with the Vorticella midway between two slides and with h ¼ 127 + 28 mm, we find r sp /h ¼ 0.48 + 0.06 (95% confidence interval, N ¼ 10). This point is plotted in figure 4 for comparison with calculations and simulations. We find that this experiment agrees with the Brinkman model, confirming that the eddies seen in these experiments are due to the confining boundaries of the two slides parallel to the plane of view.
For our experiments where the Vorticella is anchored to the narrow side of a coverglass, as in figure 1d , the presence of this anchoring boundary must be taken into account in addition to the boundaries above and below the Vorticella. For this reason, we repeat the simulations as in §4, with the geometry modified so that there is a third no-slip boundary at y ¼ 2' st , where the length ' st represents the length of the Vorticella stalk. In our experiments, this length ranges from ' st /a % 3 to 5. The geometry for the simulation is shown in figure 6 .
In order to collapse the eddies from cells at different sizes, with different coverglass separations, and different stalk lengths, we scale the eddy sizes measured from experiments and simulations by the eddy size, r sp l , for a sphere located above a single-plane boundary at y ¼ 2' st , with the boundary condition of §4 imposed on the sphere and no additional boundaries present (figure 8). In the limit ' st /h , 1, asymptotic analysis gives r sp
When scaled appropriately, experimental and simulated data agree over a wide range of different cell body sizes, as shown in figure 7, which demonstrates that the size of the feeding eddies is controlled by the confining walls through which the flows are observed.
From figure 7, we can see that, for h , r sp l , the eddy size is well predicted by the stokeslet model, r sp ¼ 0.44 h (shown as a solid line in figure 7 ). On the other hand, for h & r sp l , the eddy size is well predicted by a model that accounts for the new no-slip boundary but neglects all other boundaries. In general, although we would intuitively expect that the eddy size is controlled by the distance to the closest boundary, it seems that the system actually selects the smallest of the two possible eddy sizes (either from the anchoring wall or from the coverslips).
The large error bars on the experimental data are owing to errors inherent in measuring and centring the V. convallaria in digital images as well as to the interpolation necessary to locate the centres of these eddies. There is also some error in determining the distance between slides, h, which arises mainly from variation in manufacturing of the spacers that we use (either coverglasses of varying thickness, or paper spacers from the Hybaid EasiSeal system). We also do not account for drift of the Vorticella body out of the mid-plane, or for tilting of the body with respect to the tethering coverglass, although experiments were discarded if during filter feeding the Vorticella crown was pointed in the +e z direction. We believe that these variations account for most of the quantitative discrepancy between simulation and theory in figure 7 . This leaves only a small residue of difference between the experimental measurements and the predictions of the model that must be attributed to the unmodelled effects of cellbody geometry and the location of the bands of cilia in real Vorticella.
CONCLUSION
We have derived and validated a hierarchy of models for the flow created by Vorticella between two parallel walls. Three-dimensional finite-element simulations agree in detail with the experiment. In the absence of an anchoring wall, as for instance when the cell is tethered to either of the coverslips, a Brinkman flow model is in good agreement with the simulations, and provides a a a a a a a a a a a a a a Figure 7 . Plot of r sp /r sp l versus h/r sp l for simulations (shapes) and experiments (circles), where r sp l is the predicted distance to the eddy centre for large h as described in the text. The solid line is the prediction r sp ¼ 0.44 h from the stokeslet model. In experiments, ' st was measured from the anchoring tip of the Vorticella stalk to the middle of the crown. In simulations, both h, the distance between top and bottom boundaries, and ' st , the distance to the third no-slip boundary, were varied. Squares: h/a ¼ 2.5-40, ' st /a ¼ 3; diamonds: h/a ¼ 2.5-40, ' st /a ¼ 10; upward triangles: h/a ¼ 3, ' st /a ¼ 1.5 -50; downward triangles: h/a ¼ 10,
Nearby boundaries create eddies R. E. Pepper et al. 857 an analytically tractable method for determining the effect of cell shape, and of the placement of cilia of the Vorticella upon the feeding currents.
We also explored a common experimental scenario, in which Vorticella is anchored to a wall, which provides a third confining boundary, in addition to the parallel boundaries representing the coverslips. Although in general all three nearby boundaries must be considered, we found that, over a wide range of experimental conditions, the two sets of boundaries produce eddies that are well separated in size. For this situation, the eddy size is determined by the minimum of the eddy sizes predicted when the two sets of boundaries are considered separately. Only when the two sets of boundary conditions independently give rise to eddies of approximately the same size must all boundaries be considered together when predicting the eddy size.
For experimentalists studying the flow around microscopic sessile filter feeders, caution should be used when observing closed feeding currents near boundaries. It is likely that these eddies are caused by the fact that the organism is applying a force to the fluid near a boundary and not by any particular motion of the organism under observation. As a guide to such experiments, we summarize the results of this work as a rule of thumb. For a sessile filter feeder anchored to a boundary perpendicular to the plane of view, eddies caused by boundaries will have a size approximately
Without the presence of a perpendicular boundary, eddies caused by boundaries will have a size of approximately 0.44 h. Only eddies of different length scales from those predicted above are likely to be caused by the specific action of the organism under observation. In particular, the distance between the organism and the coverslips through which the flow is observed should be at least 2.3 times the size of any observed eddy to ensure that the eddy is not a boundary artefact.
We have shown that the flow around filter feeders in nature will be quite different from that when examined under a microscope between two slides. Single filter feeders in nature may have much greater access to nutrients than predicted from experiments. For instance, observations of flow volumes and rates based on experiments in confined geometries (Sleigh & Barlow 1976; Nagai et al. 2009 ) are likely to significantly underestimate the values of such parameters in nature.
Although we have discussed the role of geometric confinement as a confounding factor when comparing experimentally observed feeding flows with the flow structures created by filter-feeding organisms in their natural environments, boundary-dominated flows may yet exist in nature. Filter feeders may find themselves either confined by the substrate to which they are anchored or crowded by neighbouring feeders. In general, nearby surroundings will strongly affect the flow generated by the filter feeder, and thus the feeding efficiency of the organism.
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APPENDIX A: STOKESLET BETWEEN PARALLEL WALLS WITH PERIODIC BOUNDARY CONDITIONS
We follow Mucha et al. (2004) to numerically calculate the velocity field owing to a stokeslet between and parallel to no-slip walls with periodic boundary conditions (see figure 1a for a schematic view). The walls are separated by a distance, h, with a periodic length of w and b in the x and y directions, respectively. The stokeslet is located at (0, 0, Z) and points in the e y direction; we will later specify Z ¼ h/2 to analyse the flow due to a stokeslet in the mid-plane.
The velocity, U ¼ (u, v, w), is expanded in a Fourier series in the x and y directions, U(r) ¼ P l Û (z)exp (i'x þ imy) with the summation over l ¼ (', m). The expansion in the Stokes equation yields
where m is the viscosity of the fluid and A is the periodic area, w Â b. The continuity equation gives
We also specify Û 5 0 at z ¼ 0 and z ¼ h. Summing the z-derivative of equation (A 3) with equation (A 1) multiplied by i' and equation (A 2) multiplied by im and combining and eliminating the velocities using the continuity equation giveŝ
ðA 5Þ This equation can be solved separately in the regions above and below the stokeslet. Below the stokeslet (0 , z , Z), we find
þ B B sinhðlzÞ;
where
and where we have used the velocity boundary condition to eliminate some terms. Combining the above with the continuity equation gives B B ¼ 2lA 1 , C B ¼ 2i'A 2 2 imA 3 . Above the stokeslet (Z , z , h), we find
where z 0 ¼ h 2 z, and we have used the velocity boundary condition at z ¼ h. Combining the above with the continuity equation, as before, gives B A ¼ lA 4 , C A ¼ 2i'A 5 2 imA 6 . We next find the A j coefficients by satisfying the conditions at z ¼ Z: û, v, ŵ and p are continuous. We also find, by integrating equations (A 1) -(A 3) and (A 5), that û z and ŵ z are continuous while v Az (Z)-v Bz (Z) ¼ 21/(Am) and p Az (Z) 2 p Bz (Z) ¼ im/A. We can solve for the A j for a given l and Z by combining these jump conditions with equations (A 6) and (A 7). The algebraic equations for the A j can be found in table 1 of Mucha et al. (2004) , with a change of variables (d ! h, X ! Z, h ! m and k ! l) to match the coordinates and conventions of our paper. Note that we believe there is a typographical error in Mucha et al. (2004) eqn (A 9) and that the equation for A 6 should be 22 multiplied by the current equation.
APPENDIX B: DETAILS OF BRINKMAN FLOW CALCULATIONS
To calculate the flow around a cylinder of radius a as in figure 1b , we solve the boundary value problem r 2 u ¼ rp and r Á u ¼ 0; ðB 1Þ
where we have scaled all lengths by a, velocities by u 0 and stresses by mu 0 /a. For convenience, we define q ¼ p-u. We also specify the boundary condition at r ¼ 1 of u q ¼ sin(nq), where n ! 1 and is an integer, u r ¼ 0, and no-slip conditions on all other rigid boundaries (z ¼ +(1/2)(h/a)) and at infinity. We work under the Brinkman approximation (Brinkman 1947; Tsay & Weinbaum 1991) , which here amounts to @ 2 u/@z 2 ¼ 2(u/k), where k / (h/a) 2 is the permeability and the velocity is restricted to planes parallel to the boundaries, i.e. u ¼ (u r , u q ) and u z ; 0. In a component form, we have With a little algebra, we can eliminate U q and P in order to arrive at a single fourth-order ordinary differential equation for U r L n U r þ 4 r 2 U r À where I n and K n are modified Bessel functions of order n.
In order for the solution to be bounded as r ! 1, we take c 1 ¼ c 4 ¼ 0.
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